Abstract: In this paper we present an analysis of small-time local controllability (STLC) of the attitude dynamics of a rigid spacecraft actuated by two CMGs. We show that the dynamics is STLC if the Euclidian norm of the total angular momentum of the spacecraft-CMG assembly is less than that of the total angular momentum of the CMG array. This result holds in presence of singular configurations which are the focus of much attention in the literature related to CMGs.
INTRODUCTION
Control moment gyroscopes or CMGs are devices used for the attitude control of spacecrafts. They are momentum exchange devices -they work by exchanging the angular momentum with the spacecraft. CMGs have the desirable property of torque amplification and are good candidates for precision pointing applications. However, every CMG array, irrespective of the number or arrangement of CMGs, has singular configurations [Marguiles and Aubrun (1978) ]. These singularities lead to problems in designing and implementing attitude control laws. Much of the existing literature on CMGs is directed towards dealing with these singularities [Kurokawa (2007) ].
In this context, Bhat and Tiwari (2009) did an analysis of the global controllability properties of the dynamics of a spacecraft with CMGs. In this paper, we examine the STLC of the orientation of the spacecraft.
The paper is organized as follows. Further in this section, we describe the CMG dynamics and the issue of singular configurations. In section 2 we define the CMG control system according to the nonlinear control terminology. In section 3 we analyze the STLC properties of the CMG control system.
Dynamics of a spacecraft with CMGs
For the dynamics, we adopt the development by Bhat and Tiwari (2009) . We consider CMGs with a single gimbal. Figure 1 shows a single gimbal CMG, consisting of a rapidly spinning disk mounted on a rectangular gimbal. The angular momentum of the wheel with respect to the gimbal is along the wheel axis, which is in turn fixed with respect to the gimbal. However the orientation of the gimbal with respect to the spacecraft can be changed. This leads to an effective change in the angular momentum vector of the wheel with respect to the spacecraft. Hence there is a reaction torque produced which in turn acts on the spacecraft.
Considering the spacecraft as a rigid body, we can describe the attitude or orientation of the spacecraft using a special orthogonal matrix R ∈ SO(3). The rotation matrix R relates the orientation of the body-frame of the spacecraft to an inertial frame. The standard attitude kinematics equation of a rigid body is given by:
where ω(t) is the body components of the angular velocity of the spacecraft with respect to the reference and S is a skew-symmetrization operation defined as follows. For
Let m be the number of CMGs mounted in the spacecraft. We assume that the CMG wheels spin at a constant rate, which also happens in general practice. Therefore the control variable for every CMG is just the orientation θ i , i = 1, . . . , m of the spin axis with respect to the spacecraft, as shown in figure 1. Let ν i (θ i ) be the body component vector of the angular momentum of the i th CMG. If we denote θ := (θ 1 , θ 2 , . . . , θ m ) ∈ T m (mtorus), then the angular momentum ν(θ) of all the CMGs combined is given by Let I be the moment of inertia of the spacecraft with respect to the body fixed frame. The total angular momentum of the spacecraft along with the CMGs is given by
(2) Under zero external torque, the dynamics of the spacecraft is given by Euler's equation of motion as,
Substituting for H(t), we get
In writing the above equations, we have assumed that the dependence of I on the gimbal angles θ i is negligible. Equations (1), (3) and (4) completely describe the dynamics of the spacecraft with CMGs.
However, as pointed out by Bhat and Tiwari (2009) , there is a reduction possible for the above equations, which is the starting point for our analysis. As discussed before, since there is no net external force or torque on the spacecraft, the net inertial angular momentum of the spacecraft is conserved. We can exploit this fact as follows. Let µ be the inertial component of the total angular momentum of the spacecraft. Then, H(t) = R T (t)µ. We can club this equation with equation (2) to get an expression for ω(t) as
Substituting the above expression for ω(t) in equation (1), the attitude dynamics equation is be reduced tȯ
Thus, the state space reduces to SO(3) × T m and the equationsṘ
which fully define the dynamics of the spacecraft with the CMGs on a level set of the angular momentum. Each of these level sets is diffeomorphic to SO(3) × T m .
The singularity problem in CMGs
Much of the existing literature on the control of spacecrafts using CMGs focuses on the singularity problem. See Schaub and Junkins (2002) and references therein. For a survey of efforts in dealing with these singularities, see Kurokawa (2007) . We now explain this singularity problem.
Rotation of the CMGs causes a change in ν -the angular momentum of the CMGs. This change in momentum gets reflected as a reaction torque on the spacecraft. Let us call this M . Then,
Now let us suppose that we have generated a feedback control law to regulate the spacecraft to a particular configuration (R 0 , ω 0 ). Note that the feedback control law generates gimbal angle rate (θ(t)) commands. Then, at each instant of time t, these gimbal rates generate desired torque
To generate any arbitrary instantaneous torque, the columns of ∂ν/∂θ must span a three-dimensional space. Now it is possible that this matrix, being a function of the configuration θ, loses rank. Indeed, it is shown by Marguiles and Aubrun (1978) that every arrangement of CMGs has configurations θ where this matrix loses rank. Such configurations are called the singular configurations. The CMG array is not capable of producing an arbitrary control torque in these singular configurations. This poses difficulty in designing and implementing control laws.
It should be noted that the singularities occur when we consider torque as the input to the system. In other words, this means that we have expressed the system in a dynamic form, because we consider a system that evolves on T SO(3) × T m . However, as mentioned in the previous subsection, the system essentially evolves on a manifold which is diffeomorphic to SO(3) × T m . Thus, the complete system can be expressed in a kinematic form. Here the torque is not the input and it remains to be investigated whether these singularities are of a kinematic form.
We now mention a technique used in the literature to determine the feedback control torque referred earlier for stabilizing the dynamics of the spacecraft about a given pair (R 0 , ω 0 ). At first the dynamics given by equations (1), (3) and (4) are expressed in suitable coordinates. The technique involves defining a Lyapunov function which vanishes at the required point (R 0 , ω 0 ). For example, the following Lyapunov function is defined by Oh and Vadali (1991) :
where x is a coordinate for R in SO(3), K 1 is a positive definite matrix and I is the body moment of inertia of the spacecraft-CMG assembly. In Schaub and Junkins (2002) , the following Lyapunov function is used:
Next, the time derivative of the Lyapunov function is computed using the coordinate form of equations and it is set to be negative definite. That is,
This finally gives an equation of the kind
The term on the right hand side is the required feedback control torque.
A theorem on STLC
Consider the dynamics of the forṁ
over a smooth manifold M . Let
the inclusion is allowed to be proper. The control system Σ is defined as the triple Σ := {M, F, U }. Employing the notations of Bullo and Lewis (2000) , the control system is said to be STLC at a point x if there exists a T > 0 so that x ∈ int(R Σ (x, ≤ t)) for all t ∈ (0, T ). If a system is STLC at a point x, it follows that however small the time, there exists a neighbourhood of x such that the system can be steered to any point in this neighbourhood within the specified time. For example, if a control system defined on SO(3) is STLC at a particular orientation R, it means that there is a neighbourhood of R such that every point of this neighbourhood can be reached from R for any arbitrary time.
We apply a result by Sussmann [Sussmann (1978) ] for our analysis of STLC of the CMG control system. Here we mention this result along with the notation leading to it.
Associated with each Σ, there is a family of vector fields given by
and denote by conv(V Σ (x)) the convex hull of V Σ (x). Then we have the following result: Theorem 1.1. (Sussmann (1978) ). Let Σ = (M, F, U ) be a control system and let x ∈ M . Denote by int(conv(V(x))) the set of interior points of conv(V(x)). Then the following statements hold.
• Σ is STLC if 0 ∈ int(conv(V(x))).
• Σ is not STLC if 0 / ∈ conv(V(x)).
THE CMG CONTROL SYSTEM
In this section, we deduce the attitude dynamics over SO(3) of the spacecrafts with CMGs and define the CMG control systems according to the nonlinear control terminology. We consider the cases where the spacecraft is equipped with two CMGs. We shall use this definition to analyze the controllability properties of these CMG control systems in the next section.
Spacecraft dynamics over SO(3)
In section 1.1, we saw that the governing equations of the spacecraft with CMGs over a level set is given by equations (5) and (6) with the state manifold SO(3) × T m .
In this work, we are interested only in the dynamics of the configuration variable R(t), as opposed to the dynamics described by (5) and (6). This is given by the first of the above two equations. Note that in this equation, ν(t) := ν(θ(t)) can be treated as the input. With this, the equation of our interest iṡ
Note that the above equation is kinematic and describes a control system over SO(3). The term ν(t) is treated as the control input, in contrast to the input u described by equation (6) in the work of Bhat and Tiwari (2009) . We shall analyze the STLC property of the system defined by the above equation.
Governing equations
To exploit results from geometric mechanics, we cast the evolution equation over the Lie group SO(3) as follows. Treating ν as the input, we havė
Let L R denote the left action of R on SO(3). The adjoint operation associated with this left action is Ad R : SO(3) × so(3) −→ so(3) The associated coadjoint map is given by Ad * R : SO(3) × so(3) * −→ so(3) * where, Ad * gμ ,ξ = μ, Ad Rξ . The term R T in equation (8) can be seen as the coadjoint map Ad * R . The action of R on S I −1 R T µ − ν in this equation is actually the tangent lift of the left action of R. The moment of inertia tensor I is a map from so(3) to so(3) * . Also, the breve map(.) is the mapping from R 3 −→ so(3) * . With these operations, we can write the equation (8) aṡ
In the above equation, the control input termν(t) is the angular momentum of the CMGs. Hence, it depends on the number of CMGs mounted in the spacecraft. We assume that the CMGs are mounted in such a way that the gimbal axis passes through one of the principal axes of the spacecraft and that the effective torque is applied about the center of mass of the spacecraft. We have chosen the body frame for the spacecraft such that it coincides with the principal axes.
We consider the case when two CMGs are so mounted that the gimbal axis is along the Z and X direction, as shown in figure 2. We assume that both the gimbal wheels have unit magnitude of the angular momentum. But for the assumption that the two CMGs are identical, this does not lead to a loss of generality. Now, let ν(θ 1 (t), θ 2 (t)) =ν 1 (θ 1 (t)) +ν 2 (θ 2 (t)), whereν 1 (θ 1 (t)) andν 2 (θ 2 (t)) are angular momentum due to the first and the second unit. We then have,
. (10) We can write the above as
3 , where a 2 1 (t)+a 2 2 (t) = 1, b 2 1 (t)+b 2 2 (t) = 1. We want to write I −1ν as a combination of the three basis vectorsȇ 1 ,ȇ 2 and e 3 . We adopt the following change of variables. Let
3 . We split u 2 = u 21 + u 22 , so that u 21 = a 2 and u 22 = b 1 . The constraints on the inputs now read a Therefore, the input constraint set U 2 can be expressed as The maximum norm of vectors in U 2 is 2, as we show below. This bound will help us in estimating the values of inertial angular momentumμ for which the system is not STLC. Proposition 2.1. Define U 2 as above. Then, max u∈U2 u = 2.
Proof. Let (u 1 , u 2 , u 3 ) ∈ U 2 . First of all, we know that u 2 = u 21 + u 22 and u Now we show that there is a u ∈ U 2 so that u = 2. For u 1 = u 3 = 0, we get u 21 = u 22 = 1 and therefore u 2 = 2. For this u = (0, 2, 0), u = 2. Therefore max
The governing equation (8) for two CMG system can be therefore written aṡ
where u = (u 1 , u 2 , u 3 ) ∈ U 2 , U 2 being defined as in equation (11). Definition 1. We define the two CMG control system as the triple Σ 2 = (SO(3), F := {f 0 , f 1 , f 2 , f 3 }, U 2 ) where, 
STLC ANALYSIS OF CMG CONTROL SYSTEMS
We now analyze the STLC properties of the CMG control system defined in the previous section. The vector field T e L R(t) (I −1 Ad * R(t)μ ) cannot be directly affected by the inputs and thus forms the drift vector field. The controlled vector fields and the control input set U however depend on the number of CMGs.
We rely on a result by Sussmann [Sussmann (1978) ], stated in section 1.3 here, for deducing STLC properties. The notions of interior points and convex hull play an important role in that result. We first make the following simple observations about the convex hull and the interior points. The proofs of these lemmas can be found in the appendix A. Lemma 3.1. Let W ⊂ V, where V is a real vector space and let y 0 ∈ V. Let y 0 + W := {y 0 + x, x ∈ W}. Then conv(y 0 + W) = y 0 + conv(W). Lemma 3.2. Let U and V be n-dimensional real vector spaces. Let W ⊂ U and let A : U −→ V be a linear transformation. Let AW := {Ax, x ∈ W}. Then, conv(AW) = A conv(W). The next lemma shows that interior points are preserved under invertible linear transformations. Lemma 3.4. Let U and V be n-dimensional real vector spaces. Let W ⊂ U be a set with a nonempty interior and let A : U −→ V be an invertible linear transformation. Let AW := {Ax, x ∈ W}. Then, x ∈ int(W) if and only if Ax ∈ int(AW).
For analyzing the interior points of T R SO(3), the linear transformation we define next turns out to be useful. If e 1 , e 2 , e 3 are the canonical basis for R 3 , we know that e 1 ,ȇ 2 ,ȇ 3 form a basis for so(3)
form a basis for T R SO(3). Using these, we define a transformation K :
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It is clear that K is linear and invertible.
We will need the following result in the sequel, when we try to estimate the value of the inertial angular momentumμ for which the system is STLC. Let us first recall that every µ ∈ so(3) * can be identified with a unique µ ∈ R 3 .
Proposition 3.5. Letμ ∈ so(3) * and R ∈ SO(3).
Proof. We have from definition,
Let us denote ν = R T µ. We know that Ad *
Now we turn to the controllability analysis of CMG control system.
STLC of two CMG control system
The two CMG control system is given by Σ 2 = (SO(3), F := {f 0 , f 1 , f 2 , f 3 }, U 2 ), as defined in the previous section. Let us restate the governing equation in this case,
(14) The inputs u = (u 1 , u 2 , u 3 ) ∈ U 2 where
Rμ . We define V := U 2 . We have the following proposition about the nature of the convex hull of V. Proposition 3.6. The convex hull of V contains the unit sphere centered at 0 ∈ R 3 .
Proof. We recall the definition of U 2 . Noting that V = U 2 , the proof proceeds as follows. For u 3 = 1, we have u 22 = 0 and u 2 = u 21 . Hence, the points in V for which u 3 = 1 are given by u 2 1 + u 2 2 = 1. These points therefore form a unit circle in the plane u 3 = 1 with center at (0, 0, 1). Similarly, for u 3 = −1 we get a unit circle in the plane u 3 = −1 with center at (0, 0, −1). Let us denote these circles by C 1 ⊂ V and C 2 ⊂ V respectively. It is straightforward to see that the convex hull of these two circles in R 3 is a solid cylinder with unit radius, with axis along the u 3 axis, extending from u 3 = −1 to u 3 = 1. The unit sphere centered at 0 is contained in the solid cylinder just described. This proves that the convex hull of V contains the unit sphere centered at 0 ∈ R 3 . 2
Employing the notation from section 1.3, we get
3 , u ∈ U 2 . It can be seen that V Σ (R) = K (x 0 − V), where K is given by equation (13).
Let us recall that everyμ ∈ so(3)
* can be identified with a unique µ ∈ R 3 . Now we can state the following result.
Theorem 3.7. The two CMG control system Σ 2 is
(1) STLC for all R ∈ SO(3) if µ < 1 and (2) not STLC for any R ∈ SO(3) if µ > 2.
Proof.
(1) Let µ < 1. From proposition 3.5, x 0 < 1. We want to show that 0 ∈ int(conv(x 0 − V)) from lemma 3.1. Now, conv(
For such x, x = x 0 < 1, and x is indeed in the interior of the unit sphere. By proposition 3.6, the unit sphere is contained in conv(V). Hence there exists x ∈ int(conv(V)) so that x 0 − x = 0. Therefore 0 ∈ int(conv(x 0 − V)).
By lemma 3.2, conv(V Σ (R)) = K conv(x 0 − V). By lemma 3.4, 0 ∈ int(conv(V Σ (R))) if and only if 0 ∈ int(conv(x 0 − V)). Now the result follows from theorem 1.1. (2) Let µ > 2. From proposition 3.5, x 0 > 2. We claim now that 0 / ∈ conv(x 0 − V) = x 0 − conv(V). Indeed, if 0 ∈ x 0 − conv(V), then there exists a x ∈ conv(V) so that x 0 − x = 0. But since x 0 > 2, this means that x = x 0 > 2. But from proposition 2.1, the maximum norm of vectors in V is 2. Hence by lemma 3.3, the maximum norm of vectors in conv(V) is 2 as well. Therefore 0 / ∈ conv(x 0 − V). By lemma 3.2, conv(V Σ (R)) = K conv(x 0 − V). Since K is invertible, 0 ∈ conv(V Σ (R)) if and only if 0 ∈ conv(x 0 − V). Now the result follows by again resorting to theorem 1.1. 2 Let 1 ≤ µ ≤ 2 and let Kx 0 = (T e L R ) I −1 Ad * Rμ . It follows that 1 ≤ x 0 ≤ 2. As we did in the proof of the preceding proposition, to determine whether 0 ∈ int(conv(x 0 − V)), it is necessary to find whether x 0 ∈ int(conv(V)). But there are vectors x ∈ R 3 with 1 ≤ x ≤ 2 but x / ∈ int(conv(x 0 − V)). Hence, if x 0 > 1, it is not always possible that 0 ∈ int(conv(x 0 − V)). This would lead to a violation of the sufficient condition for STLC.
On the other hand, there are vectors x ∈ conv(x 0 −V) with 1 ≤ x ≤ 2. Hence it may be possible for some x 0 with x 0 ≥ 1 that 0 ∈ conv(x 0 −V). This leads to a violation of a sufficient condition for not being STLC. Hence we cannot in general comment on the STLC property if 1 ≤ µ ≤ 2.
Remark: Recall that we have assumed that the angular momenta of the individual CMGs have unit magnitude. In light of this, the above result indicates that for the system to be STLC, the CMGs should have angular momenta comparable in magnitude to the inertial angular momentum. The CMGs are momentum exchange devices. If the spacecraft system has an angular momentum very much 'larger' than that of mounted CMGs, the above result implies that there is not enough momentum in the CMGs to be exchanged with the spacecraft, to be able to steer the spacecraft in any desired direction.
CONCLUSIONS AND ONGOING WORK
We have shown that despite the presence of so called singularities, the CMG control system can be STLC at every point in the configuration manifold. In fact, these singular configurations of CMGs do not enter our analysis of STLC at all. Hence it appears that there might be control techniques to overcome these singularities.
Practical attitude control applications require the spacecraft to be brought to a desired attitude-spin combination. A special case among these is to steer the spacecraft between two orientations at rest. In this case, the equation (8) fully describes the required dynamics. Ongoing work focuses on analyzing the stabilizability properties of this dynamics and synthesizing attitude control laws using this equation.
Appendix A. MISCELLANEOUS PROOFS
Proof of lemma 3.1 Let z ∈ conv(y 0 + W). Then, z = k i=1 λ i z i , z i ∈ y 0 + W for some λ i ≥ 0 such that k i=1 λ i = 1 for some k ∈ N. Now, for every z i ∈ y 0 + W there is a unique u i ∈ W so that z i = y 0 + u i . Therefore, for every z ∈ conv(y 0 + W), we have
where u i ∈ W. But k i=1 λ i u i ∈ conv(W). Therefore, z ∈ y 0 + conv(W). On the other hand, if z ∈ y 0 + conv(W), then z =
Therefore z ∈ conv(y 0 + W). 2
